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Abstract

Traditional structural assessments rely on deterministic Euler-Bernoulli formulations; however, this research derives a
time-dependent Timoshenko beam-column model that explicitly accounts for cross-sectional rotatory inertia, transverse
shear deformation, and second-order geometric non-linearities caused by persistent superstructure axial loads and
accidental impact loads. To capture the unpredictable nature of real-world vehicular or accidental impacts, the lateral
collision force is mathematically represented as a non-stationary stochastic process using a filtered Poisson model with
lognormal peak amplitudes. To address this research gap in higher-order stochastic dynamics, the investigation is
organized into four methodological phases: an analytical framework deriving coupled Timoshenko PDEs with P-A effects
and filtered Poisson stochastic impact forces; spatial modal analysis; a comparative slenderness ratio (1) and shear
deformation study contrasting Euler-Bernoulli and Timoshenko mechanics; and closed-form expressions for time-
dependent dynamic deflection obtained via Duhamel convolution integrals. The resulting models were evaluated across
three core outcomes: convergence studies confirming that a 10-mode summation achieves numerical stability (99.66 %
convergence); comparative slenderness evaluations showing that classical theory underestimates peak deflections by up to
18.59% in squat piers (A<25); and a sensitivity analysis showing that as persistent axial loads approach critical limits
(P/Py = 0.65), P-A magnification increases lateral deflections by up to 42.3%, with the degree of amplification strongly
dependent on the end-boundary conditions. The fully restrained Fixed-Fixed pier configuration shows the greatest
resistance to lateral drift, followed by the mixed hinge—fixed and fixed-hinge combinations in second and third place,
respectively. The fully articulated Hinged-Hinged pier, in contrast, shows the lowest resistance and the highest
vulnerability to lateral drift, triggering dynamic bifurcation and structural instability due to the complete absence of
rotational restraint. The derived closed-form solutions give structural engineers a reliability-based design tool for
optimizing the impact safety of sustainable bridge infrastructure.

Keywords: Timoshenko beam-column; Sensitivity analysis; Time-dependent dynamic deflection; Stochastic dynamic
impact; Bridge pier end conditions; Modal analysis.

1.0 Introduction

Bridge substructures act as the primary load path that must continuously carry superstructure dead
loads and dynamic traffic live loads down to the underlying ground, while also withstanding potential
accidental lateral impacts. Structural engineers have traditionally evaluated vertical columns under lateral
dynamic loads using classical Euler-Bernoulli beam theory[1]. For columns with low aspect ratios (A<25), or
those built from non-homogeneous material matrices—such as green concretes incorporating alternative
aggregates like laterite — this classical assumption, that plane sections remain plane and perpendicular to the
neutral axis, breaks down because it ignores the contribution of transverse shear deformation and rotatory
inertia [2], [3], [4], [5], [6]-

Vertical bridge piers also act as beam-columns carrying a sustained axial load (P) from the bridge
deck. When an accidental lateral collision occurs, it produces an immediate horizontal displacement (A), and
the axial load acting through this displacement generates secondary, destabilizing P-A moments that amplify
deflections and reduce the effective lateral stiffness of the pier [7], [8]. Real-world impacts are also inherently
unpredictable. Idealized, deterministic static loads cannot capture the non-stationary nature of vehicular
collisions, which is why stochastic modeling using filtered Poisson processes is needed to represent the
random force amplitudes and arrival times [9], [10].

Despite these advances in beam mechanics, a clear gap remains in the literature: most existing studies
apply Timoshenko formulations or stochastic excitations separately, to standardized, homogeneous elements,
under deterministic loading or simple boundary conditions. No unified analytical framework yet combines
higher-order Timoshenko shear mechanics, non-stationary stochastic impact loading, second-order P-A axial-
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load interaction, and sustainable aggregate matrix behavior across asymmetric support configurations (a top-
bottom boundary taxonomy).
This study addresses that gap by developing a multi-phase analytical dynamic model, organized around four
methodological stages and three evaluation dimensions:
i.  Analytical Framework: derivation of coupled partial differential equations (PDEs) that incorporate
shear strain, rotatory inertia, a sustained axial load (P), top-bottom boundary conditions, and filtered
Poisson stochastic excitation forces.

ii. ~ Modal Analysis & Eigenvalues: formulation of spatial mode shapes and characteristic transcendental
equations.

iii.  Slenderness & Shear Interactions: analytical modeling of the difference in transverse shear stiffness
between Euler-Bernoulli and Timoshenko theories over a range of slenderness ratios (A=L/r).

iv.  Closed-Form Dynamic Deflections: integration of orthogonal spatial modes with Duhamel's time-

convolution integrals to yield closed-form stochastic displacement fields for four boundary
configurations: Fixed-Fixed, Hinged-Hinged, Fixed-Hinged (fixed top, hinged bottom), and Hinged-
Fixed (hinged top, fixed bottom).
This framework is validated against modal convergence limits, slenderness-dependent shear deformation
discrepancies, and P-A dynamic amplification limits under the top-bottom constraint configurations.

2.0 Methodology

2.1 Analytical Framework

To establish the geometric deformation framework for an upgraded structural column model, let x

denote the longitudinal coordinate along the neutral axis of a prismatic concrete column of height L, and t
represent the time domain. The total transverse deflection of the column at any point,w(x, t), is coupled with
the total rotation of the cross-section due to bending, ¢(x,t)[3]. This relationship is governed by the
expression:

ow(x,t)

S = ) +y ()
where y(x, t) signifies the engineering shear strain along the transverse plane. The internal bending moment
M(x,t) and the total structural shear force V(x,t) acting on a cross-section of uniform area A and second
moment of area I are mathematically defined as:

M(x,t) = EI

Eqn1

dp(x,t) Eqn 2
d

ow(x,t)

V(x,t) = kGAy(x,t) = kGA (T —¢(x, t))
where E represents the elastic modulus of the concrete matrix, G is the shear modulus, and «k represents the
Timoshenko shear correction factor, which accounts for the non-uniform parabolical distribution of shearing
stresses across the section [11].

By applying d'Alembert's principle to an infinitesimal segment of the bridge pier column, the balance
of horizontal forces and rotational moments must incorporate the persistent axial compression force, P,
alongside the structural accelerations. The dynamic equilibrium for lateral forces leads to:

Eqn 3

Vv (x,t) 0%w(x, t) 2%w(x,t) Eqn4
ox LTz PAT o - TF®D
Substituting the operational shear force equation yields the first coupled partial differential equation (PDE):
*w(x,t)  9¢(x,t) *w(x, t) *w(x, t) Eqn5
KGA( axr | ox >“P oz PAT oz~ D

Simultaneously, the equilibrium of structural moments, accounting for rotatory inertia effects (pI), generates
the second governing relationship:

%P (x,t) ow(x, t) 0%¢(x,t) Eqn 6

Eb—£7—+xm%—3;——¢@¢ﬂ—ph—aT—z0 1
where p represents the mass density of the laterite-modified concrete matrix.
The dynamic lateral excitation F(x,t) is designated as a non-stationary stochastic impact force applied at a
target position x = x,. Itis modeled as a filtered Poisson process composed of a random sequence of impulsive
spikes arriving over the contact duration [10]:
N® Eqn7

Fx,t) = 80— xg) ) Aig(t —t)

where § is the Dirac delta function, N(t) represents a homogeneous Poisson process with an intensity arrival
parameter A, and t; represents the stochastic arrival times of independent peak force impulses. The parameter

Received: 20-06-2026 / Accepted: 20-07-2026 / Published: 14-09-2026 396
https:/ /doi.org/10.70118 / ujet.2026.0302.33



Nnebe et al. (2026) Volume 3, Issue 2: 395-402

A; models the random load amplitudes adhering to a lognormal probability distribution function to prevent
negative force vectors:
1 (Ina — py)? Eqn8
e = o)

The function g(t)defines the deterministic multi-phase time history profile of an individual impact,
accounting for structural crushing, elastic rebound, and decay phases:

g(©) = (e — e POYH(L) Eqn 9
where aand frepresent exponential decay and rise constants, and H(t) is the Heaviside step function.
To isolate the governing systems into a single operational equation focused on the transverse deflection
w(x,t), the rotational variable¢(x,t) is systematically eliminated through algebraic decoupling.
Differentiating the moment equation and substituting the force equilibria yields a higher-order, coupled

fourth-order partial differential equation:
a*w (P ! 62)62w *w  EI ( d*w d*w 62F> Eqn 10
p —_——

Bl oz axz tPASe “wea\P o T P o T ax
pl 2*w o*w  0%F
T 6a (”A ottt axzae _W> =Fxn
Grouping this expression by structural operators gives the final governing equation for the stochastic
Timoshenko beam-column problem:

0*w(x, t) 0%\ 0%w(x, t) 2%w(x,t) Eqn 11
E’(l‘a)—ax4 (”‘P’(”?(“@))ﬁ) oz TP
p?l 0*w(x, t) El 9%F(x,t) pl 0%F(x,t)
WA ot LD T o Yiea o

The solution for the dynamic displacement field w(x, t) requires strict compliance with the physical limits
imposed by the four designated architectural support configurations commonly encountered in bridge
engineering [12].

The physical system is evaluated using a Top-Bottom boundary taxonomy, where the first term specifies the
top deck interface (x = L) and the second term specifies the foundation base (x = 0):

i. Fixed-Fixed (Fully Restrained Pier):

w(0,t) = 0,¢(0,t) = O;w(L,t) = 0,¢(L,t) =0 Eqn 12
ii. Hinged-Hinged (Fully Articulated Pier):
6 0,t op(L,t
w(0,t) = ¢( ) - w0 = ¢(§x )0 Ean 13
iii. Fixed-Hinged (Fixed Top, Hinged Bottom)
0¢(0,¢) Eqn 14

w(0,6) = 0,—— == 0;w(L,t) = 0,p(L,t) = 0
iv. Hinged-Fixed (Hinged Top, Fixed Bottom):
d¢(L,t) Eqn 15
=0
ox

w(0,£) = 0,¢(0,t) = 0;w(L,t) =0,

2.2 Modal Analysis and Eigenvalue Problems for Transverse Vibration

Using the principle of separation of variables, the total space-time response is represented as a linear
combination of infinite orthogonal spatial modes scaled by time-dependent generalized coordinates:

Eqn 16
Wt = ) Xy (OT(0) "

Substituting this harmonic assumption into the undamped homogeneous version of the governing PDE yields
the spatial eigenvalue problem:

P mnrr E P " w4 Eqn 17
EI(l—ﬁ)X (x)+ P+p1wn<1+—G<1—m)) Xn(x)+<p CA >X =0
The general solution for the spatial mode shape X, (x) is formulated as:
X, (x) = Cipsin(ayx) + Cypcos(ay,x) + C3psinh(Bpx) + Cypcosh(Brx) Eqn 18

where a, and B, represent structural wave numbers explicitly coupled to the natural frequencies w, the
current axial load P, and the cross-sectional geometry. Applying the specific boundary parameters chosen
from Section 2.1 creates a transcendental characteristic equation for each support condition, from which the
distinct eigenvalues (w,,) are extracted numerically.
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2.3 Influence of Slenderness Ratio and Shear Deformation across Different Methods

To establish the mathematical baseline comparing structural theories, the maximum static/transient
deflection formulations under equivalent lateral loads are specified. For the classical Euler-Bernoulli Beam
Theory, shear strain is neglected (y = 0), reducing deflection to pure bending mechanics:

wgg(x) = F(E,I,L,P,x) Eqn 19
In contrast, the derived Timoshenko Beam-Column Model incorporates an additive shear deflection
component wy(x) governed by the shear modulus G and slenderness ratio A = L/r (where r = /I/A):

20
WTlm(x) - Wbendmg (x) + Wshear (x) = Wgp (x) + f ( ) Eqn

Because laterite-modified concrete matrices feature lower elastlc and shear moduli (E and G) than
conventional concrete mixes, the shear stiffness capacity (kGA) is reduced. As slenderness decreases (1 < 25,
squat pier regime), the relative contribution of w;(x) expands significantly relative to total displacement,
causing classical Euler-Bernoulli expressions to underestimate overall column deflections.

2.4 Closed-Form Expressions for Time-Dependent Dynamic Deflection

With the orthogonal spatial mode shapes X, (x) verified, the time-history component T, (t) for each mode is

derived by applying Duhamel’s convolution integral to the generalized modal forces. Incorporating a realistic

internal structural damping ratio ,, the dynamic response equation transforms into:
t

T,(t) =

where wgy, = w,+/1 — &3 signifies the damped natural frequency,M,, = fOL pA[X,(x)]?*dx is the generalized
modal mass, and Q,,(7) is the stochastic modal excitation force:
N Eqn 22
0n(®) = X (x0) Z Ag(z = t)

Summing across the mode shapes ylelds the fmal Closed form stochastic displacement field expression:

Eqn 23
w(x, t) = Z M Z f (e797 — e PT)e~nen(t=Dsin(wg, (t — 7))dT

WanM

Eqn 21
(e~ nontDsin(w, (t — 7))d an

n=1

3.0 Results and Discussion

The parametric evaluations that follow examine the behavior of the derived closed-form expressions
in terms of modal convergence limits, slenderness-dependent shear deformation discrepancies, and P-A
dynamic amplification boundaries under the top-bottom constraint configurations.

3.1 Convergence Studies of the Derived Modal Series Solution

To confirm the numerical validity of the derived modal series solution, convergence behavior was
assessed by tracking the calculated peak mid-span deflection across increasing modal summation limits (n =
1,5,10,20,50).

Because the fundamental mode (n = 1) captures most of the dynamic response of bridge columns
under combined axial and lateral loading, accounting for more than 92.5% of the total displacement amplitude
under a standard impact scenario. Extending the solution to n = 10 achieves convergence, with higher-order
modes beyond this point contributing only marginally (< 0.4%) to the peak displacement field, confirming
the numerical stability of the analytical framework.
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Convergence Study of Peak Mid-Span Deflection
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Figure 1: Convergence Study of Peak Mid-Span Deflection

As shown by the convergence path in Figure 1, the fundamental mode (n = 1) captures the main
dynamic response of bridge columns under combined axial loads and lateral actions, accounting for
24.15mm (92.54%) of the total displacement amplitude under standard impact regimes. Extending the
solution to n = 5 increases the computed deflection to 25.82 mm, representing a marginal mode contribution
of 6.40%. Full numerical stability is reached at n = 10, where the deflection curve flattens asymptotically at
26.01 mm (cumulative convergence of 99.66%). Beyond this point, higher-order modal additions (n = 20 at
26.08 mm and n = 50 at 26.10 mm) yield fractional variations (< 0.4%). This structural asymptotic flattening
confirms the numerical stability and rapid computational efficiency of the analytical framework.

3.2 Influence of Slenderness Ratio and Shear Deformation across Pier Profiles

The operational limits of the Timoshenko framework were mapped against traditional Euler-
Bernoulli models by varying the column slenderness ratio (4 =L/r) from squat to slender geometry
boundaries. For thick, squat bridge piers (4 < 25), the Euler-Bernoulli model significantly underestimates
deflections by up to 18.6% because it neglects shear deformation [13].

As the column aspect ratio increases, the shear deformation component (y) decreases relative to bending.

However, for laterite concrete, which possesses a lower shear modulus (G) than conventional mixes,
shear deformations remain active even at higher slenderness limits. This confirms that classical beam
formulations are insufficient for evaluating sustainable alternative infrastructure columns under dynamic
impact[14], [15].
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Influence of Slenderness Ratio (1) and Shear Deformation
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Figure 2: Influence of Slenderness Ratio (1) and Shear Deformation

The resulting behavioral curves in Figure 2 reveal that for thick, squat bridge piers (1 < 25), the
classical Euler-Bernoulli model significantly underestimates peak transient displacements. At a squat profile
of 1 =10, the Euler-Bernoulli model predicts a deflection of 18.52 mm, whereas the derived Timoshenko
formulation computes a higher value of 22.75 mm, exposing an 18.59% non-conservative calculation error
due to the omission of transverse shear deformations. As the aspect ratio increases (A = 15 and A = 20), the
divergence between the lines narrows but remains active, showing deviations of 15.54% (21.30 mm vs
25.22mm) and 11.27% (23.85 mm vs 26.88 mm) respectively.

At a standard pier profile of 1 = 25, the discrepancy scales down to 7.84% (26.10 mm vs. 28.32 mm).
In the highly slender domain (4 = 40 and 4 = 60), the lines converge closely, with disparities dropping to
4.57% and 2.51% respectively. However, for laterite concrete, which possesses a lower shear modulus (G)
than conventional mixes, shear deformations remain active across a wider geometric band. This trend
demonstrates that classical formulations are inadequate for evaluating alternative sustainable infrastructure
elements.

3.3 Sensitivity Analysis of P-Delta Magnification and End Conditions (Top-Bottom Convention)

The interaction between lateral dynamic displacement, top-bottom boundary constraints, and
persistent axial compression ratios (P/P,,) was examined across a range of operational stresses up to critical
limits (P /P, = 0.65).
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Sensitivity of P-4 Magnification across Boundary End
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Figure 3: Sensitivity Analysis of P-Delta Magnification and End Conditions

Figure 3 illustrates the performance curves for the four support configurations under a strict top-
bottom labeling methodology. When the axial stress ratio is low (P/P. < 0.15), the curves remain closely
bundled; the P — Amagnification effect is small, adding less than 5%to the baseline lateral deflections.
However, as the persistent axial force approaches the critical buckling boundary (P/F., — 0.65), secondary
destabilizing moments expand significantly, lowering the effective lateral stiffness of the column and
amplifying deflections.

The fully restrained Fixed-Fixed pier line exhibits the highest resistance to lateral drift, maintaining a
controlled deflection path that moves from an initial 16.20 mm at P/P,. = 0.00up to a stable maximum of
23.05mm at P/P,, = 0.65. This behavior is due to its rigid rotational clamps at both boundaries, which
generate counter-acting moments that absorb energy. Conversely, the fully articulated Hinged-Hinged pier
curve represents the most vulnerable operational path, rising sharply from 26.10 mm(P/P., = 0.00) and
experiencing rapid deflection magnification up to 47.14 mm at P/F,, = 0.65, leading to dynamic bifurcation
and structural instability due to its complete lack of rotational restraint.

For the asymmetrical configurations, a critical structural distinction is established. The curve for the
Hinged-Fixed pier (hinged top, fixed bottom) demonstrates enhanced lateral stiffness and lower deflection
magnification compared to the Fixed-Hinged pier (fixed top, hinged bottom). At a moderate axial ratio of
P/P., = 0.30, the Hinged-Fixed pier restricts deflection to 22.56 mm compared to the 24.90 mm observed for
the Fixed-Hinged column. Under severe axial stress (P/F,, = 0.60 and 0.65), this gap broadens further: the
Hinged-Fixed pier maintains stability at 30.15 mm and 31.28 mm, whereas the Fixed-Hinged pier expands to
34.60 mm and 36.12 mmrespectively.

This behavior is governed by the physical location of the fixed restraint relative to the impact kinetics.
Anchoring the rotational constraint rigidly at the foundation base (bottom-fixed) directly opposes the severe
overturning shear forces and high localized bending stresses generated near ground level during vehicular or
accidental collisions. This layout provides a stiffer overall structural matrix than suspending the rotational
restraint at the deck level (top-fixed) while leaving the base pinned. This highlights the danger of using
decoupled structural validation models that do not account for exact top-bottom boundary positions.

4.0 Conclusions

This study developed and validated a higher-order stochastic mathematical framework for modeling
the dynamic deflection of laterite-modified concrete bridge piers. Key findings, organized by methodological
stage, include:

i. Modal Analysis & Convergence: Modal summation demonstrates rapid numerical stability, with a 10-
mode expansion capturing 99.66% of full transient displacement fields.

ii. Influence of Slenderness Ratio (\) and Shear Deformation: Classical Euler-Bernoulli theory underestimates
transient deflections in squat laterite piers (4 < 25) by up to 18.59%, confirming that Timoshenko shear
formulations are necessary when evaluating green concrete matrices.
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iii. Sensitivity Analysis of P-Delta Magnification and End Conditions: High persistent axial loads (P/F, —
0.65) amplify lateral deflections by up to 42.3%. The Fixed-Fixed and Hinged-Hinged pier lines exhibited
the highest and lowest resistance, respectively. Considering both dynamic and structural stability,
however, an asymmetric layout is recommended: the Hinged-Fixed configuration (hinged top, fixed
bottom) provides superior lateral stability compared to the Fixed-Hinged layout, by placing rotational
rigidity directly at the foundation base to resist collision-induced overturning shear forces.

From this study, it is highly recommended to adopt Timoshenko theory for squat piers (4 < 25) to avoid an
18.59% deflection underestimation. Use Hinged-Top/Fixed-Bottom configurations for better lateral collision
resistance, incorporate P —A amplification for heavy axial loads (P/P.. — 0.65), and utilize 10-mode
truncation for efficient dynamic transient analysis. The closed-form formulations derived in this work provide
structural engineering practitioners with a computationally efficient tool for designing resilient, sustainable
bridge infrastructure capable of withstanding random dynamic collision impacts.
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